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Convection-driven quadrupolar dynamos in rotating spherical shells
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It is found that for Taylor numbers of the order®1Quadrupolar dynamos aligned with the axis of rotation
are preferred in comparison with dipolar dynamos. This preference holds for a range of Prandtl rRianters
magnetic Prandtl numbei,, in the neighborhood of unity. The main time-dependent feature of the quadru-
polar dynamos are polward traveling waves.
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[. INTRODUCTION constant except in the gravity term where its temperature

dependence given bw=(dp/dT)/g=const is taken into

The rapid increase of computer capacities in recent yeargccount. Since the velocity field as well as the magnetic
has permitted a considerable increase in the parameter rfaq g are solenoidal vector fields, we use the general rep-

gime for Wh'ch the problem of magnetic field generation inyesentation in terms of poloidal and toroidal components,
rotating spherical shells can be solved by numerical simula-

tions. While many recent efforts have been directed towards U=V X (VVXT)+Vwxr (1a)
simulations of the geodynamo operating in the liquid iron '
core of the EartH1-3], other numerical simulations have §:ﬁx(ﬁhxF)+ﬁng (1b)

been directed towards simpler configurations in order to pro-
mote a deeper understanding of convection-driven dynamosy multiplying the (curl)? and the curl of the Navier-Stokes

as a function of the mpst important physical parameter.(cg\qu(,j‘tions in the rotating system lEywe obtain two equa-
[4-8]. In the course of this research usually a preference fo{ions forv andw

dipolar dynamos has been found. In this Rapid Communica-

tion we demonstrate the surprising phenomenon that quadru- [(V2=3)Lo+ 79,1V + 7Qw—RL,0
polar dynamos become preferred as the Taylor number is R,
increased. =—r-VX[VX(u-Vu-B-VB)], (29)

[(V2=d)Lo+ md,Jw—7Qv=r-VX(u-Vu—B-VB),
II. MATHEMATICAL DESCRIPTION (2b)

OF THE DYNAMO PROBLEM _ o _
whered; andd,, denote the partial derivatives with respect to

We use a standard formulation of the spherical dynam@ime t and azimuthal angle. The heat equation for the di-

problem with a minimum number of physical parameters thainensionless deviatio® from the static temperature distri-
include those of primary importance for planetary applica-pytion can be written in the form

tions. While it is not possible to reach in simulations the

asymptotically high values of the dimensionless parameters V20 +L,v=P(d,+u-V)O (20)
realized in the planets, it seems feasible to attain appropriate

values of parameters such as the Rayleigh number and tlend the equations fdr andg are obtained through the mul-
Taylor number if the latter are based on eddy diffusivitiestiplication of the equation of magnetic induction and of its

instead of molecular diffusivities. curl byr,
In considering a spherical fluid shell of thicknessrhich
is rotating about a fixed axis with the constant angular ve- V20L,h=P,[dLoh—r-VX(UXB)], (2d)
locity () we assume that a static state exists with the tem-
perature distributio s=T,— Bd?r?/2. As is appropriate for V20L,g=P{diL,g—r-VX[VX(UxB)]}. (20

a sphere of approximately uniform density, the gravity field

is given byg=— ydr wherer is the position vector with The operatord., andQ are defined by

respect to the center of the sphere ang its length mea- _ L 2u2 2

sured in units ofl. In addition to the lengthl the timed?/v Lo=—rVoHa,(r=ay), (33
and the temperatur@d®v/« will be used as scales for a - 2 —1lg;

. ; . =rco¥V-—(L,+rd,)(coshd,—r sinfd,), (3b
dimensionless description of the problem wheralenotes Q (L ) ' in6,),  (3b)
the kinematic ViSCOSity of the fluid and its thermal diffu- Where a Spherical System Of Coordinateg,q) has been in-
sivity. The densit)é of magnetic flux is made dimensionless troduced. The Rayleigh numbBr the Taylor numbet?, the
by v(ne)*%d whereu is the magnetic permeability of the Prandtl numbeP, and the magnetic Prandtl numbey, are
fluid and ¢ is its density. The latter will be assumed as adefined by
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where\ is the magnetic diffusivity. We assume stress-free
boundaries with fixed temperatures,

v=3d2v=0a,(W/ir)=0=0at r=r;=75/(1—7)
(5a)
andatr=ry=(1—17)"1,

where # is the radius ratioyp=r;/r,, which will be set to

0.4 unless indicated otherwise. For the magnetic field elec-
trically insulating boundaries are used such that a matching
to potential fieldsh(® outside the fluid shell is required

g=h—h®=g,(h—h®)=0 atr=r; andr=r,. (5b)

The numerical solution of the problem defined by equations
(2) and boundary condition&s) proceeds with the pseudo-
spectral method described fid], which is based on an ex-
pansion of all dependent variables in spherical harmonics for
the 6, ¢-dependences and expansions in Chebychev polyno-
mials for ther-dependence. For further details, see §Bjo

For the computations to be reported in the following 33
collocation points in the radial direction and spherical har-
monics up to the order 64 have been used. Usually only even
valuesm of the azimuthal wave number have been included
such that velocity and magnetic fields exhibit a period of
180° in longitude.

Ill. QUADRUPOLAR DYNAMOS

Solutions of the problem formulated in the preceding sec-
tion exhibiting quadrupolar dynamos have been obtained for
P=1, P,=1 in the regime X 10°< r<1.2x10*. The cor-
responding Rayleigh numbers increase from aboul @ to
10° within this regime. The energy of the dipolar component
of the magnetic field which in typical runs was initially of
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FIG. 1. Energy densitieE, ,E, ,E, ,E, (from top to bottor of

the same size or larger than the energy of the quadrupoldhe velocity field(solid lineg and corresponding magnetic energy
component decreased to less than 80f the latter within densitiesM,,M,M,,M, (dashed lingsas a function of time in

several magnetic diffusion times. Quadrupolar dynamos havthe caser=10*,R=8x10°,P,,=P=1.

also been found whe?,,=2 was used or whem; was
changed to 0.35 or to 0.5 or when all integer valoesf the
azimuthal wave number were included. In order to charac:

of v. The corresponding magnetic energhdg ,M,M ,,M,
are defined analogously withandg replacingv andw. All

terize the dynamos we follow the kinetic energy densitiesso)tions found so far are turbulent and a typical example of

E,.E(,E,,E, which are defined by
—_ 1 . — . -1 . .
Ep=§<|V><(Vv><r)|2), Et=§<|Vw><r|2), (6a)
.1 . L. L .1 .. .
Ep=§(|V><(Vv><r)|2), Et=§<|VWXI’|2>, (6b)

where the bracketg...) indicate the average over the
spherical shelly denotes the axisymmetric componentvof

the variations in time of the energies is shown in Fig. 1.
Usually integrations until a time of the order 10 are sufficient
to reach a statistically asymptotic state. The rather rapid os-
cillations seen in the energies are the result of the oscillatory
nature of the quadrupolar dynamos. The dynamo process
functions as a wave in which patches of magnetic field with
the same polarity move from the equator towards the poles
as shown in Fig. 2. This oscillation is also clearly evident in

the structure of the azimuthal magnetic fi@dg. As before,

the bar denotes the axisymmetric componer pf Because

of the nearly perfect symmetry with respect to the equatorial
plane only the structure in the northern hemisphere has been

andv=v—v denotes the azimuthally fluctuating componentplotted. The convection velocity field retains its columnar
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FIG. 3. Lines of constant radial componant of the velocity

field u at the surface =(1+ 7)/2(1— 7) (upper ploj and lines of
constantEP (upper left part of the lower plat of constant
rsindav/ad (upper right part of the lower platand of constant
rovl/de in the equatorial plan€lower half of lower ploj for the

case of Fig. 2 at the time=9.66.

present case it turns out that the term involvimgandg on
the right-hand side of Eq2e) is the main contributor to the

sustenance df1,. The zonal flow, on the other hand, tends
to inhibit the growth of the magnetic field, as can be seen in

Fig. 1 where the kinetic energy; is negatively correlated
with the magnetic energies.

The preference of quadrupolar dynamos appears to be a
result of the suppression of convection in the polar regions at
high values ofr. At lower 7 values convection in the polar
region is also suppressed, but only for a smaller range of
supercritical values oR for which the amplitude of convec-

FIG. 2. Time sequence of plots covering approximately a periodijon is not sufficient to generate magnetic fields. We thus find
of the quadrupole oscillations at the timés 9.61+0.02%,n dynamos of mixed type with dipolar fields primarily in the
=0,1,2,3,4(from top to bottom in the same case as in Fig. 1. The po|ar regions and quadrupolar fields at lower latitudes at
left plots show lines of constam, at the surface =r,. The rigﬁt Rayleigh numbers of the order&l0P when 7 is decreased
plots show lines of constarip (upper left quarter field lines ofB  to 3x10°. At even lower values of the dynamos are pre-
in the meriodional planéupper right quartgr and field lines given  dominantly dipolar. Some more details on quadrupolar dyna-
by constant ¢h/d¢ in the equatorial plane. mos will be given in a future pap¢f2].

structure as shown in Fig. 3. This property is a result of the
dominating influence of the Coriolis force and has often been
demonstrated in cases without magnetic fl@d.q] or in the The close competition between dynamos of dipolar and
presence of a predominantly dipolar magnetic fiflg8].  quadrupolar symmetry in the case of velocity fields that are
The mechanism of magnetic field generation appears to beymmetric with respect to the equatorial plane is a well
primarily of the a-type as in the case of dipolar dynamos known property of kinematic dynamo thedi/3]. The ques-

[6,8]. This is unusual since dynamos exhibiting propagatingion whether quadrupolar dynamos are actually realized in
waves as shown in Fig. 2 are usually associated with theelestial bodies is an open one and it may be difficult to
aw-process in which the mean zonal magnetic field is genanswer. Just as the geodynamo is characterized by a substan-
erated by the action of a differential rotation. For a recential quadrupolar component in addition to its dominant dipo-
paper on this topic and earlier references, EEH. In the  lar magnetic field, a quadrupolar stellar or planetary dynamo

IV. CONCLUDING REMARKS



RAPID COMMUNICATIONS

R5028 E. GROTE, F. H. BUSSE, AND A. TILGNER PRE 60

must be expected to have also a considerable dipolar consince its discovery. But this possibility appears to be remote
ponent. Since at a sufficiently large distance from the planaccording to a recent analysis of the dgté].

etary core or the star, the dipolar component always domi-

nates, a quadrupolar dynamo could be mistaken for a dipolar

one. The possibility that axial quadrupolar dynamos operate ACKNOWLEDGMENT

in the interiors of Uranus and Neptune could explain the

awkward dipole axis inferred from the Voyager measure- The authors are grateful for the computer time provided
ments[ 14,15, which has been a rather puzzling feature everby the HLRS Stuttgart.
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